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Abstract 



■ The primitive elements of the supersymmetry algebra cohomology as de- 

<N ! fined in previous work are derived for standard supersymmetry algebras in 

£>V dimensions D = 5, . . . , 11 for all signatures of the related Clifford algebras of 

gamma matrices and all numbers of super symmetries. The results are pre- 
sented in a uniform notation along with results of previous work for D = 4, 
and derived by means of dimensional extension from D = 4upto-D = 11. 
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1 Introduction 



This paper relates to supersymmetry algebra cohomology pQ for supersymmetry 
algebras in dimensions D = 4, . . . , 11 of translational generators P a (a = 1, . . . , D) 
and supersymmetry generators Q l a {a = 1, . . . , 2 L- / 2 -! ; % = 1, . . . , N) of the form 

[P a ,P b ]=0, [P a ,Qi\ = 0, {Q^ Q^} = {Y a C- l )^_P a (1.1) 
where M y are the entries of an N x N matrix M given by 

De {4, 8, 9, 10, 11}: M = -il NxN , D e {5,6,7} : M = l N/2xN/2 ® <t* (1.2) 

with l nxn denoting the n x n unit matrix, <r 2 denoting the second Pauli-matrix, see 
(|2.19p . and i denoting the imaginary unit. The difference between M in D = 5, 6, 7 
and in P = 4,8,9, 10, 11 originates from the symmetry properties of the matrices 
T a C~ l : in D = 5, 6, 7 these matrices are antisymmetric whereas in D = 4, 8, 9, 10, 11 
they are symmetric (in D = 4 and D = 8 this is due to our choice of C [8]). 

The object of this paper is the determination of the primitive elements of the super- 
symmetry algebra cohomology for the supersymmetry algebras ( II. ip under study, 
for all signatures (t,D — t) (t = 0, . . . , D) of the Clifford algebra of the T a and for 
all respectively possible values of N. According to our definition pQ these primitive 
elements represent the cohomology i? g h(s g h) of the coboundary operator 

s^ = -\M^iY a C- l UjK^ a (1.3) 

in the space f2 g h of polynomials (with coefficients in C) in anticommuting translation 
ghosts c a and commuting supersymmetry ghosts corresponding to the transla- 
tional generators P a and supersymmetry generators Q l a , respectively. 

Depending on the dimension D and signature (t,D — t), the Q l and & are Majo- 
rana Weyl (MW), symplectic Majorana Weyl (SMW), Majorana (M) or symplectic 
Majorana (SM) supersymmetries according to table (II. 4p which also contains the 
coefficients rj and e related to the charge conjugation matrix C (T~l = —r/CTaC^ 1 , 
C T = -eC [DE]): 



D 


V 


e 


t mod 4 = 


t mod 4=1 


t mod 4 = 2 


t mod 4 = 3 


4 


+1 


+1 


SM 4 (2N) 


M 4 (N) 


M 4 (N) 


M 4 (N) 


5 


-1 


+1 


SM 4 (2N) 


SM 4 (2N) 


M 4 (2N) 


M 4 (2N) 


6 


+1 


-1 


M 8 (2N) 


SMW 4 (2N) 


M 8 (2N) 


MW 4 (2N) 


7 


+1 


-1 


M 8 (2N) 


SM 8 (2N) 


SM 8 (2N) 


M 8 (2N) 


8 


-1 


-1 


M 16 (N) 


M 16 (N) 


SM 16 (2N) 


M 16 (N) 


9 


-1 


-1 


M 16 (N) 


M 16 (N) 


SM 16 (2N) 


SM 16 (2N) 


10 


+1 


+1 


M 32 (N) 


MWie(N) 


M 32 (N) 


SMWi 6 (2N) 


11 


+1 


+ 1 


SM 32 (2N) 


M 32 (N) 


M 32 (N) 


SM 32 (2N) 



In ( II. 4p the subscripts denote the number of independent spinor components of the 
respective spinors, and N = {1, 2, . . .} or 2N = {2, 4, . . .} in parantheses indicate the 
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possible values of N for the particular signature (t,D — t). For instance, SM 4 (2N) 
for signature (0, 4) in D = 4 indicates that in this case the Q % and are symplectic 
Majorana spinors, each Q % and & has four independent spinor components, and 
N G {2, 4, . . .}, i.e. iV can take the values 2, 4, . . . 

The use of Majorana or symplectic Majorana spinors has the advantage that we need 
not worry about the complex conjugated spinors Q*, £* because their components 
are related one to one to the components of the Q, £ by the Majorana or symplectic 
Majorana condition, i.e. we can use the components of the Q, £ as a complete 
set of independent components of the supersymmetries and supersymmetry ghosts, 
respectively. 

In D = 4 and D = 8 we use, for all signatures, Majorana or symplectic Majorana 
spinors consisting of two Weyl spinors with opposite chiralities, even when there 
are Majorana Weyl or symplectic Majorana Weyl spinors (which is the case for 
t — 0, 2, . . . ). The reason is that in D = 4, 8, . . . the matrices Y a C~ 1 in (II .ip relate 
Weyl spinors of opposite chiralities (see p — 1 in (I3.20p ). Therefore, in D = 4 
and D = 8 any nontrivial anticommutator in an algebra (11. ip relates two Weyl 
supersymmetries with opposite chiralities which can be combined to one Majorana 
or symplectic Majorana supersymmetry. 

In contrast, in D — 2, 6, . . . the matrices T a C~ l relate supersymmetries with equal 
chirality. Therefore, in D = 6 and D = 10 for signatures with t = 1,3,... one cannot 
always combine the Majorana Weyl or symplectic Majorana Weyl supersymmetries 
to a set of ordinary Majorana or symplectic Majorana supersymmetries containing 
two Weyl spinors with opposite chiralities (this can only be achieved when there are 
equal numbers of Majorana Weyl or symplectic Majorana Weyl supersymmetries 
with opposite chiralities). Hence, in D = 6 and D = 10 we treat the signatures 
with t = 1,3,... differently from those with t = 0, 2, . . . by using Majorana Weyl 
or symplectic Majorana Weyl spinors in the former cases and ordinary Majorana or 
symplectic Majorana spinors in the latter cases, see table (II .4p . As a consequence, 
in D = 6 and D — 10 the value of N by itself does not determine the number 
of independent spinor components of supersymmetries because this number also 
depends on the signature. 

i/gh(s g h) is computed in D = 5, . . . , 11 by "dimensional extension" (termed "di- 
mension climbing" in ref. [3]): we relate the cohomology in D dimensions to the 
cohomology in D — 1 dimensions and use the results in D — 1 dimensions to derive 
the results in D dimensions. This method is outlined in section [3 

Section [3] compiles definitions and facts which are used later on. In sections H] and [5] 
results for D = 4 and D = 5 derived in ref. [lj are reformulated in terms of objects 
introduced in section [21 and completed for D = 5. Sections E] to [TTJ present the 
results for dimensions D = 6, ... ,11. The derivation of these results is outlined in 
a comprehensible but condensed form in order to keep the paper reasonably short 
and readable (the presentation for D = 6 in section [6] is more detailed in order to 
exemplify the derivation of the results for one case). 

Some of the results derived here for D > 6 were found already in refs. [5j [6j. 
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These results concern the lowest possible number of supersymmetries in each of 
these dimensions and are thus for £) ^ 7 limited to particular signatures (t, D — t), 
see fll.4p . For instance, the results presented in refs. [5j [6] apply in D = 6 to the 
cases N = 2 for signatures (1,5), (3,3), (5, 1), and in D = 10 to the cases N = 1 
for signatures (1,9), (5,5), (9, 1) but not to other values of iV or other signatures, 
respectively. The results derived in the present work confirm and specify the results 
for D = 6, 7, 9, 10, 11 presented in refs. [51 E], and extend them to all numbers of 
supersymmetries and all signatures. The results for D = 8 are commented on at the 
end of section |HJ 

The results are particularly useful in the context of BRST cohomological analyses 
of globally and locally supersymmetric field theories [TJ [7] . 



2 Dimensional extension from D = 4 up to D = 11 

We shall now explain our method to compute -ff g h(s g h) in D = 5, . . . , 11 dimensions 
by means of the results in D — 1 dimensions, respectively. We study the cocycle con- 
dition in i7 gh (s g h) separately for each c-degree (= degree in the translation ghosts) 
which is possible since s g h decreases the c-degree by one unit. The c-degree is de- 
noted by a superscript. The subspace of Q g h containing the polynomials of c-degree 
p is denoted by Q p h . -ff gh (s g h) denotes the cohomology of s g h in Q p h |9j. The cocycle 
conditions to be studied thus read 

s gh u p = 0, u p e Q p gh = {u e fi gh | N c co =pco} (2.1) 

where N c = c a -J^ denotes the counting operator for the translation ghosts. 

In order to relate -ff g h(s g h) in D and D — 1 dimensions we define the subspace Cl of 
ghost polynomials in D dimensions which do not depend on the translation ghost 
c D , as well as the subspaces fl p C Q p h thereof, 

jwe Q gh = o}, Q p = {u e Cl\ N c co = pco}. (2.2) 



n 



As a ghost polynomial in f2g h is at most linear in c D , it can be uniquely written as 
ujP = c D Cj p - x + cu p , cu p - 1 e n p -\ Cj p E fl p . (2.3) 

This gives: 

s gh u p = (s gh c D )Cj p - 1 - c D {s gh u p ^) + s gh u p . (2.4) 

As s g hC D is a quadratic polynomial in the only the second term on the right 
hand side of ( 12 .4p contains c D . Hence, the cocycle condition (12. ip splits into two 
conditions: 

Sgh^" 1 = 0, (2.5) 
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(s^cP)^ 1 + s gh u p = 0. (2.6) 

(12.51) and (I2.6P relate H gh (s g h) to the cohomology of s g h in Cl which we denote 
by ffgh(sgh). Accordingly the cohomology of s g h in Q p is denoted by H^sgt). 
By (12.51) the constituent u p ~ x of u p is a cocycle in Hg^ (s g h)- Furthermore, any 

contribution s g \ l f] p to u p ^ 1 with ff G Cl p can be removed from u p by adding the 
coboundary s g h(c D r) p ) owing to co p + s g h(c D r) p ) = c d {Cj p ~ 1 — s g \ l fj p ) +Cj p ' , with Cj p ' = 
Cj p + {s g \ l c D )ff G fl p redefining the constituent Cj p of u p . Hence, the constituent Cj p ~ 1 
of u p can be assumed to be a nontrivial representative of H^lsgt), 

u^ 1 G H^(s gh ). (2.7) 

(12.61) imposes that (s g \ 1 c D )u p ~ 1 is trivial in -f^g h " 1 (s g h) which in general can impose 
an extra condition on Cj p ~ 1 (in addition to (12. 7p ). Furthermore, for any [s g \ i c D )Cj p ^ 1 
which is trivial in H 1 ^ 1 ^^) we may consider (12.61) as an inhomogeneous equation 
for Cj p whose solution is the sum of the general solution w^ om of the homogeneous 
equation s g ha>h om = and a particular solution Cj p &rt of (12. 6p . Moreover, any contri- 
bution s g Yj] p+l to Whom w ith r) p+l G Cl p+1 can be removed from uj p by subtracting the 
coboundary s g \jj p+l . Hence, cu^om can ^ e assumed to be a nontrivial representative 
of H p h (s gh ). This gives 

& = &Ln + ^Part , (2-8) 
£ ^h(«gh), (2.9) 
(s^)^- 1 + Sgh ^ art = 0. (2.10) 

Equations (I2.5p - (l2.10p trace i/ g h(s g h) back to -£/gh(s g h). The crucial point is that 
H gh (s g h) in D G {5, . . . , 11} can be obtained from iJ gh (s gh ) in D — 1 dimensions. 
This can be shown, for instance, by choosing T-matrices and C in D dimensions 
according to equations (I2.11I) - (I2.17I) which are compatible with (II. 4ft : 

D mod 2 = 1 : T a = for a G {1, . . . , D - 1}, T D = (fc D ) _1 f 

(2.11) 

L> mod 2 = : T a = a x ® for a G {1, . . . , £> - 1}, 

T D = (fc^) -1 (7 2 ® 1, f = (73 ® 1 (2.12) 

L> mod 8 G {1,3,7} : C = C (D -i) (2.13) 

.D mod 8 = 5 : C = C (c _i)f (2.14) 

Dmod8 = 0:C = (J3®C (J 3_i ) (2.15) 

D mod 8 G {2, 6} : C = i a 2 ® C (jD _ i:) (2.16) 

D mod 8 = 4 : C = a ® (2.17) 

where r? D _ 1 s, T(d-i) an d C'(d-i) denote the T- matrices and the charge conjugation 
matrix in D — 1 dimensions, in ( I2.12p 1 denotes the 2 D / 2 " 1 x 2 D / 2_1 unit matrix, 



! f r ! = n (2-18) 
1 for t < D y J 
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and 

*-(;:). *-(:;). -Co 1 )- 

Using ( I2.lip - p.17p and suitably relating the supersymmetry ghosts ^ in Z) G 
{5, . . . , 11} to corresponding supersymmetry ghosts £i(D-i) in Z) — 1 dimensions for 
appropriate values of iV, the action of s g h in Cl in Z) dimensions becomes identical 
to the action of s g h in f2 g h in D — 1 dimensions, see sections I5HTT1 for details. This 
allows one to derive iZ g h(s g h) in D e {5, . . . , 11} from iZgh(s g h) in D — 1 dimensions. 

The decomposition ( 12. 3 p is also useful for analysing the coboundary condition in 
if g h(s g h) in order to sieve the nontrivial cocycles. To this end the coboundary 
condition in dimension D at c-degree p is written as 



p ~ s gh r] p+ \ rf +1 = c D ff + f) p+ \ ff e Ct p , f) p+1 e Cl p+1 . (2.20) 



Using (I2.3P this yields 



^ = s gh fi p , (2.21) 
uf= (s gh c D )f) p + s gh f) p+1 . (2.22) 



In particular this implies that a cocycle u p in iZgh(s g h) is nontrivial if its constituent 
uj p ^ 1 is nontrivial in iZ gh (s g h), and that ui p lom can be neglected if in H g h(s g h) it is 
equivalent to (s gh c D ) fj^ om for a cocycle ^ om in H gh (s gh ). 

Comments: 

1. Suppose that -ff gh (s g h) vanishes for all p > pq. Owing to (I2.5p - (l2.10p this implies 
that H p h (s g h) vanishes for all p > po: 

Vp>p : H p h (s gh ) = => Vp> Po : H p h (s gh ) = 0. (2.23) 

2. The case p — 1 is somewhat special because in this case ( 12. 5p is automatically 
fulfilled since u° does not depend on translation ghosts at all. In other words, (12. 5p 
does not impose restrictions on the cocycles u 1 at all, i.e. these cocycles have to be 
determined solely from ( 12. 6 p modulo coboundaries. 

3. The dimensional extension method outlined above is applicable modulo 8 in 
the dimensions, i.e. it applies analogously to any sequence of dimensions D = 
4 + 8k, . . . , 11 + 8k. 

4. Albeit we shall use spinor representations fulfilling (I2.1ip - (l2.17p to derive the 
results, these results extend to other spinor representations owing to the so(t, D — t)- 
covariance of the results. 

5. The results for i? g h(s g h) in D = 4 cannot be derived from the results in D = 3 by 
dimensional extension as outlined above. The reason is that in D = 4 the matrices 
T a C~ 1 relate Weyl spinors of opposite chiralities and thus different 2-component 
spinors, whereas in D = 3 they relate equal 2-component spinors. For this reason 
if g h(s g h) in D = 4 was computed "from scratch" in ref. [1]. 
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3 Definitions and useful facts 



Q ( i f = ±c^...c a ^ i r ai ... ap C- 1 £] (3.3) 



Unless specified otherwise, we use notation and conventions as in ref. [lj. As in refs. 
[3j H] ~ denotes equivalence in if g h(s g h), i.e. for ui,U2 E Q g h the notation u\ ~ uji 
means uj\ — u>2 = s g h^3 for some U3 G fl g h- 

uji ~ uj 2 3w 3 : uj x - lo 2 = s gh u 3 (oji, u 2 , w 3 € Q gh ). (3.1) 

In all dimensions we define the following so(t, D — t)-covariant ghost polynomials: 
$ l = c a Z l T a (3.2) 

,(p) _ i 

ij p 

where r ai ... 0p denotes the totally antisymmetrized product of p gamma matrices 

r 01 ... ap = r [ai . . . r ap] = — ^ (-i) &gn(<j) r aCT(l) . . . r aa{p) (3.5) 

and we use matrix notation with £j denoting a "row spinor" and £j a "column 
spinor" , 

0f= c a g T a f, C r,,..„/' % = if(T ai ... av C- 1 )^. (3.6) 

In even dimensions we further define: 

£+ = ±&(l + f) (3.7) 
$- = j€,(l-f) (3.8) 

0+ = f0,(n-f) = <*£-r a (3.9) 
tf- = f^(i-f) = c a £+r a (3.10) 

6« = i c ai . . . & f v ai ... ap c- 1 e/ (3.11) 

U ij,a!...a fc - (p_fc)! C • • • C Si 1 1 Oi-Op^ ^ - ^ • • • ^ I^.IZJ 

ej w = |(e« + e«) (3.13) 
e+ (p) = i(e (p) +e (p) ) (314) 

ij,ai...a,k 2^ 13,0,1. ..a}, 1 ij,ai...a^/ V / 

e« w = Ke^ - e«) (3.15) 

w ij,ai...a fc 2V w ij,ai...a fc K -'ij,ai...a k J y<J.±vj 

s g h anticommutes with the derivatives with respect to the translation ghosts c a . 
This implies that the first and higher order derivatives of a cocycle in if g h(s g h) with 
respect to the c a are also cocycles, 

8+ur = =► Vfc€{l, ...,?}: s^ qJ*^ =0- (3-17) 



In particular, owing to ( I3.17p . all Q^ ai ___ a , for k = l,...,p — 1 are cocycles in 
ifgh(sgh) if is a cocycle in if g h(s g h) and an analogous statement applies to the 

w ij,ai...a fc 

For the reader's convenience we list some properties of the matrices r ai ... ap C _1 and 
rT 01 ...^C -1 (valid for rj, e as in (11 .4p ) which are useful for understanding properties 
of the above ghost polynomials depending on D and p: 

(i) The r ai ...apC' 1 are symmetric (S) or antisymmetric (A) in their spinor indices: 





p mod 4 = 


p mod 4=1 


p mod 4 = 2 


p mod 4 = 3 


D = 4 


A 


S 




A 


D = 5 


A 


A 


S 


S 


D = 6,7 


S 


A 


A 


s 


.D = 8, 9 


S 


S 


A 


A 


L> = 10,11 


A 


S 


S 


A 



(3.18) 



(ii) The fT Ql a C 1 are symmetric (S) or antisymmetric (A) in their spinor indices: 





p mod 4 = 


p mod 4=1 


p mod 4 = 2 


p mod 4 = 3 


D = 4 




A 


5 


S 


£> = 6 


A 


A 




S 


D = 8 


S 


A 


A 


S 


L> = 10 


S 


S 


A 


A 



(3.19) 



(hi) In even dimensions, Weyl spinor bilinears ipT ai ^ a C~ x x^ and ^fT 01 ... a C~ 1 x T 
couple either Weyl spinors ip, x of the same chirality (=) or Weyl spinors of opposite 
chiralities (7^): 





p mod 2 = 


p mod 2 = 1 


D = 4,8 






D = 6,10 







(iv) For T- matrices and C as in (I2.1ip -( 12.17p one obtains in D = 6, . . . , 11 
for ai, . . . , a p G {1, . . . , D — 1} : 
DG{6,10}:r ai ... Qp C- 1 = 



L> = 8 : T 



Da 2 



n-i 

ai...a p '~' 



■ ■a„C 



ik 



ia 2 <g> (^ax-opC x )(d-i) ifpmod2 = 
o"3 ® (Ta 1 ...a p C' l )( D - 1 ) if p mod 2 = 1 

0"i ® (r a2 ... ap C _1 ) (Z )_i) if p mod 2 
-cr <g> (r a2 ... ap C _1 ) (Z) _i) if p mod 2 



D 



8a 2 



ifc 



a 3 ® ^...apC-^^ if p mod 2 = 
-ia 2 ® (r ai ... ap C _1 ) (7) if p mod 2 = 1 

-cr ® (r a2 ... ap C _1 )( 7 ) ifpmod2 = 
o"i ® (r a2 ... ap C _1 )( 7) ifpmod2 = l 



(3.20) 



(3.21) 


1 

(3.22) 
(3.23) 

(3.24) 
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D E {7, 9, 11} : r ai ... ap C- 1 = (r ai ... ap C- 1 ) (D _ 1) (3.25) 
T D a 2 ...a p C~ l = k D (fr a2 ... ap C- 1 ) (D _ 1) (3.26) 

where (r oi ... 0p C , ~ 1 )( £ >_i) and (f r ai ... Qp C" 1 ) (D _ 1) denote the matrices r ai ... 0j ,C -1 and 
rT ai ... ap C~ 1 in D — 1 dimensions, respectively. 

4 Primitive elements in D = 4 

In D = 4 one has = -20^ (2) and &f ■ g = feff. Lemma 2.9 of ref. [1] 

thus gives: 

Lemma 4.1 (Primitive elements for N — 1). 

For N = 1 the general solution of the cocycle condition in if g h(s g h) zs: 

SghW = o ^ u;~e 1 -(V(C) + e>u (2) ?+fe + ) + &e> 1 1 i ) 

+ Vl-pa(Zi) + $i-(ldti)+Po(^) + qo(ti) (4.1) 

wn£/i arbitrary polynomials po(£i~)> Pa(£,i), the components of £f , arbi- 

trary polynomials qo((,f), Qa(^t), a+(£i~) ^ n the components of , and an arbitrary 
complex number b G C. 

Using in addition that in D = 4 one has flf ■ £j~ — 0y = Q# , lemma 2.10 of ref. 
[I] gives: 

Lemma 4.2 (Primitive elements for N = 2). 

For N = 2 the general solution of the cocycle condition in if g h(s g h) is: 

Sgh u = o & w~0- 2 (1 Vi(er,6) + e+ (1) g 1 (e 1 + ,e 2 ) 

+ (eff - eg) 6(6) + po(er, 6) + <?o(£i + , 6) (4.2) 

u>it/i arbitrary polynomials Po(£i,£,2), Pi(£fj£2) in the components of and £2, 
arbitrary polynomials qo(£,ti Qi(£ti&) ^ n the components of ^ and £2, and an 
arbitrary polynomial 6(^2) in the components of 

According to lemma 2.11 of ref. [I] the cohomology groups -ff g h( s gh) vanish for all 
p > in the cases N > 2. This gives: 

Lemma 4.3 (Primitive elements for N > 2). 

For N > 2 the general solution of the cocycle condition in .ffgh(sgh) is: 

Sgh u = & w~po(0 (4-3) 
wit/i an arbitrary polynomial po(£) ^n tae components o/£i, . . . , £/y 

Comment: 

Lemma I4TT1 only applies to signatures (1, 3), (2, 2), (3, 1) because in the cases of sig- 
natures (0, 4), (4, 0) one has N E {2, 4, . . . }, see (TOD . 
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5 Primitive elements in D = 5 



The results in D = 5 are derived by means of the results in D = 4 as in ref. [I] 
by relating the supersymmetry ghosts & in D = 5 to supersymmetry ghosts £j( 4 ) in 
D = 4 according to 

fc 6 {1, ... , N/2} : £ 2 k-l = £ 2 fc-l(4) + ^2fc(4) ' = C^(4) ~ Cfc-1(4) ' ( 5 ' 1 ) 

and by using (12. lip and (12.141) which give 

N/2 N 

c+ (r a r<- l \. .. i 

»i(4) 



a < 5 : Sgh c a = £ i r-c- 1 £ 2 T fc = i e^) (r a c- 1 ) (4 ) C T 



fc=l 8=1 



= 2 5Z^( 4 ) ^(4) = ( S ghC a )(4) , (5.2) 

1=1 

AT/2 

SghC^^i^fc-i^C- 1 ^ 
fe=l 

7V/2 

= (^5) 1 ^2 1 (£2fc-l(4) ^(4) ^2fc(4) + £ 2 fc-l(4) ^(4) ^2fe(4)) (^-3) 



fe=l 

where (s g hC a )( 4 ) denotes s g hC a in F> = 4. 

Lemma 3.1 of ref. jl] straightforwardly gives for N = 2: 

Lemma 5.1 (Primitive elements for N = 2). 

For N = 2 the general solution of the cocycle condition in if g h(s g h) is: 

s gh u; = * co ~ ejfpf (0 + 6g a p? 8 (0 +po(0 (5.4) 

wzt/i arbitrary polynomials po(£), p l \ a {C): P2 (0 i n the components 0/^1,^2- 

The following result extends and completes lemma 3.2 of ref. jl]. It states that for 
N > 2 the cohomology groups -ff gh (s g h) vanish for all p > 0: 

Lemma 5.2 (Primitive elements for N > 2). 

For N > 2 the general solution of the cocycle condition in if g h(s g h) is: 

s g hW = u; ~ Po(C) (5-5) 
wii/i an arbitrary polynomial Po{£,) in the components o/£i, . . . , 

Proof sketch for lemma 15. 2t Because of (15. 2p -^ gh (s g h) can be obtained from 
if gh (s g h) in D = 4 (for equal values of iV). For N > 2 lemma 14731 implies that 

iZ gh (s g h) vanishes for p > 1. Owing to (12.231) this implies that -ff gh (s g h) vanishes for 
p > 1, 

p > 1 : s gh w p = ^ w p ~ 0. (5.6) 
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The case p — 1 is treated by using the results for N = 2. To this end s g h is split 
into a piece which only involves the supersymmetry ghosts £1, £2 and a piece 
which involves £3, . . . , £at: 

c - J 1 ) 4. o( 2 ) „(!)_;; rv-^T d (*7\ 
S gh - ^ + S gh , S gh -l^l G <S2 O'J 

The cocycles w 1 are decomposed into parts cu^ with definite degree m in £i,£2 : 

771 

" 1 = X>m, (%+%)^ = ™^ (5-8) 

m=0 

where denotes the counting operator for the components of £j. As is the 
only piece of s g h which increases the degree in £i,£2 the part of u 1 fulfills 

Sgh^m = °, + s gh^4-2 = °- ( 5 - 9 ) 

The first equation (15.91) is solved by means of lemma 15.11 (with £3, . . . ,£/y treated 
as extra variables) since acts as s g h for N = 2. As we are treating the case 
p = 1 we conclude from lemma ISTTl that, up to an -exact piece, equals a linear 
combination of the 8^, ©12 a — ©21^ a> ©22 a w ith coefficients that are polynomials 
in the supersymmetry ghosts. The second equation (15. 9p imposes that s^u^ is s^- 
exact. From this condition one derives that is s^-exact by itself by exploiting 

4 2 h n,a> 4M } ,a> 4h )0 Sa PHI ■ This implies that wi- can be removed from u 1 by 
subtracting a coboundary in if g h(s g h) from uj 1 . In the same way all other parts 
can be successively removed from u 1 implying that u 1 is a coboundary in i? g h(s g h), 

s^u; 1 = <=> u 1 ~ 0. (5.10) 

The lemma is obtained from (15.61) . (I5.10p and cj° = Po(£) (which trivially fulfills 
s gh w° = 0). ■ 



6 Primitive elements in D = 6 



6.1 Signatures (1,5), (3,3), (5,1) 

In the cases of signatures (1, 5), (3, 3), (5, 1) the supersymmetry ghosts £j are Majo- 
rana Weyl spinors (for signature (3,3)) or symplectic Majorana Weyl spinors (for 
signatures (1, 5), (5, 1)). iV + denotes the number of supersymmetry ghosts with 
positive chirality, N_ denotes the number of supersymmetry ghosts with negative 
chirality. Both iV + and iV_ are even integers, N + , N_ G {0, 2, . . . }. N is the sum 
N = N + + N„ G {2, 4 . . . }. The case N = 2 thus includes (N+, JV_) = (2, 0) and 
(N+, AL) = (0, 2), the case N = 4 includes (JV+, N_) = (4, 0), (N+, iV_) = (2, 2) and 
(N + , NJ) = (0, 4) etc. We use & = £+ for i < N + and £; = £~ for i > N + , i.e. the 
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supersymmetry ghosts £i,...,£jv + have positive chirality and the supersymmetry 
ghosts £n++i, ■ ■ ■ i £,n++N- have negative chirality. 

In a spinor representation fulfilling (12.121) and fl 2 . 1 6 [) a Weyl spinor ip + = ip + t with 
positive chirality takes the form if) + = (x, 0) and a Weyl spinor ip~ = —ip~T with 
negative chirality takes the form ip~ = (0, x) where x and have four components, 
respectively, like spinors in D = 5. In order to derive i? g h(s g h) in D = 6 by means 
of ifgh(sgh) in D = 5, we relate the supersymmetry ghosts £j in D = 6 to supersym- 
metry ghosts £j(5) in D = 5 as follows: 

i < N+ : £ = (&(5), 0), i > iV + : £ = (0,i&( 5 )). (6.1) 

(jMD and for p = 1 and (JSHJ) give: 

N/2 N/2 

a < 6 : Sgh c a = ^i^-iTC- 1 ^ = £i&*-i(B) ( I * C '~ 1 )C5)&<B) = (*ghO(5) , 
fc=i fc=i 

(6.2) 

AT+/2 iV/2 

S gh C 6 = (^e) -1 f ^ 6fc-l(5) C^) 1 ^(5) - &fc-l(5) £2*1(5)) • (6-3) 

fe=l fc=7V + /2+l 

where AT = N + + AL, and (s g hC a )(5) denotes s g hC a in D = 5. Hence, using a spinor 
representation fulfilling (I2.12p and (12.161) and the identifications (16.11) . the action of 
s g h in Cl in D = 6 is identical to the action of s g h in f2 g h in D = 5. This is used to 
derive if gh (,s gh ) in D = 6 by means of the results for if gh (s gh ) in D = 5. 

Lemma 6.1 (Primitive elements for N + + AL = 2). 

In the cases (N + ,N_) = (2,0) and (N + ,N_) = (0,2) the general solution of the 
cocycle condition in -f/gh(s g h) is: 

Sgh c = o # c,~e;f^(o + e;f aP r(o+CK(o+po(o (6.4) 

with arbitrary polynomials Po(£) > PL(0? P2 Ja (0' PsiO ^ n ^e components o/£i,£2- 

Proof of lemma I6.lt As outlined above, -ff gh (s g h) is obtained from -ffg h (s g h) in 
D = 5 using a spinor representation fulfilling (12. 12ft and (12.161) and the identifications 
(16.11) . Lemma [57T1 implies that -ff gh (s g h) vanishes for p > 3. Owing to (12.231) this 
implies that -ff gh (s g h) vanishes for p > 3, 

p > 3 : s gh u; p = cu p ~ 0. (6.5) 
In the case p = 3 (12.71) , (12.91) and lemma 15.11 imply that we may assume 

p = 3: & = *L a = (6.6) 

where p 3 (£(5)) are polynomials in £1(5), £2(5), and 9^.jL denotes 6 8 y in £> = 5. (13.31) . 
([SI22D for p = 3 and (JSHD give for (JV+, AL) = (2, 0) and (AL, AL) = (0, 2): 

i 3) « c60 g(5) + --- ( 6 - 7 ) 
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where ellipses indicate terms without c 6 . 0g is a cocycle in if| h (s g h) [TT] . Hence, 
c 6 o> 2 can be completed to the cocycle 0« P3 (£) (with p 3 J '(£) oc P3 (6(5)))- This gives 

Sgh u; 3 = w^eg^CO- (6-8) 
In the case p = 2 (12.71) , (12. 9p and lemma 15.11 imply that we may assume 

p = 2 = a 1 = eg> a(5) pr (fo), ^ om = ©$ 5) P?' 6 (£(5)) (6-9) 

("2") 

where the sum over a runs from a = 1 to a = 5 (as there is no 0^- 6 in D = 5). 
Using (JEID one obtains for (JV+, AL) = (2,0) and (JV+, AL) = (0,2): ' 

fl < « . Q(3) _ ^ c 6 (2) , q(3) _ Q (2) f6 1Q x 

where again ellipses indicate terms without c 6 . According to the first equation (I6.10p 
c^Cj 1 can be completed to Y^ a =\ ©ga^f "(0 which is a cocycle in if| h (s gh ) because 
s g h6g^ = implies s g h©g = 0, see (13.171) . Using in addition the second equation 
(16.1 Op we conclude 

SglA , 2 = o 4» « 2 ~e® ^°(0 (6.ii) 



where here the sum over a runs from a = 1 to a = 6. 

In the case p = 1 we use that every cocycle cu 1 must be at least linear in the super- 
symmetry ghosts since no nonvanishing linear combination of the c a with constant 
coefficients is s g h-closed. This yields, along with lemma [5711 for p = 1: 

P = 1 = ^° = £f 5) = ©^(s) P? 8B (fo). (6.12) 
Every monomial c 6 £^ corresponds to a cocycle in ifg h (s g h) proportional to one of 
the df H2]. Using additionally Q^ a{5) oc ^TeaC^Q [13] this yields 

^ = ^ ^-^(O- (6.13) 
The lemma is obtained from (16.51) . (16.81) . (16. lip . (16.131) and u° = Pq(£). ■ 
Lemma 6.2 (Primitive elements for N + + = 4). 

(i) In the case (N + ,N_) = (2,2) the general solution of the cocycle condition in 
# g h(s g h) is: 

s gh u = o^ou~ (eg - e$)pi(0 +po(0 (6.i4) 

with arbitrary polynomials Po(£), Pi(0 the components of £i, . . . ,£ 4 . 

(nj In the cases (N + ,N_) = (4,0) and (N + ,N_) = (0,4) t/je general solution of the 
cocycle condition in i5f g h(s g h) is: 

Sgh co = o & w ~ eg p} 3 (0 + eff p} 4 (0 + eg P f (0 

+ ©gp? 4 (0 + (©g - egfjpxCO +po(0 (6.15) 

wii/i arbitrary polynomials Po(0 7 Pi 4 (0> Pi 3 (0> Pi 4 (0; Pi 3 (0 *n ^ e compo- 

nents o/fi, . . .,£4. 
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Proof sketch for lemma l6.2t Lemma [5.21 implies that Hg h (s g h) vanishes for all 
p > 1 in the cases N + + N_ = 4. Owing to (I2.23P this implies that Hg h ( s gh) vanishes 
for all p > 1, 

p > 1 : s gh w p = & u p ~ 0. (6.16) 

The case p = 1 is analyzed analogously to the case p = 1 in the proof sketch for 
lemma I5T21 by using the decompositions (15. 7p and (15.81) of s g h and u 1 , leading to 
equations (15. 9p . The first equation (I5.9P is solved by means of lemma 16.11 which 
for m > gives ojL = ^i=i^fPa(0 f° r polynomials £>„(£); pl(0> u P to an s g h' 
exact piece which may be neglected. The s^fif and s^-df are linear in £1,^2 and 
linearly independent. Therefore, no nonvanishing linear combination (with constant 
coefficients) of the s^df and s^fif is s^-exact. The second equation (15. 9p thus 
implies that the polynomials (£) andp^,(£) are at least linear in the supersymmetry 
ghosts. 

(i) In the case (N + ,N_) = (2,2) the second equation (15.91) further implies that, up 
to an Sg^-exact piece which may be neglected, Y^,=i $fPa(0 equals 0^ = 1^ • £ 2 — 
—$ 2 ■ £1 times a polynomial pim_ 2 (£)- ®i2 i s completed to the cocycle 0^ — ©34 
in ifg h (s g h) and co 1 ' = oo 1 — (©12 — ©34 )Pim-2(0 can now be treated as u 1 before. 
Repeating the arguments one obtains: 

(i\r + ,AL) = (2,2): ^ = & w 1 ~(e? 2 ) -e£ ) )p 1 (0- (6.17) 

(ii) In the cases (N+, JV_) = (4,0) and (N+, N_) = (0,4) the second equation flB3]) 
implies that, up to an s^-exact piece which may be neglected, Y^=i $fPa(0 equals 
a linear combination of ©12 , ©13 , ©14 > ©23 ; ©24 with coefficients that are poly- 
nomials in the components of the supersymmetry ghosts. ©i 3 , ©14 , ©23 > ©24 are 
cocycles in iJg h (s g h) by themselves, ©^ is completed to the cocycle ©^ ~ ©34 m 
i/g h (s g h). Proceeding now analogously to case (i) one obtains: 

(JV + ,JV_)e{(4,0),(0,4)}: 8^ = & 

^ - ©gpfCO + ©ff pi 4 (0 + egpf (£) + e^? 4 (0 + (eg - egf)P!(0. 

(6.18) 

The lemma is obtained from (I6.16p . (16.171) . (I6.18P and u° = Po(0- ' 
Lemma 6.3 (Primitive elements for N + + iV_ > 4). 

In the cases N + + AL > 4 the general solution of the cocycle condition in i? g h(s g h) 
is: 

s gh uj = ^ lo ~ p (0 (6.19) 
with an arbitrary polynomial Po(£) in the components o/£i, . . . , £at. 
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Proof sketch for lemma 16. 3t As in the proof of lemma IBT21 one concludes that 
ifg h (s g h) vanishes for all p > 1. The case p — 1 is analyzed by using decompositions 

of s g h and uj 1 similar to (15 .7p and (15.81) . but now with a piece of s g h which 
involves £i, • • • ,£4 (in place of only £1,^2) and parts uj l m of uj 1 which have degree 
m in £1, ...,£4. This leads again to equations ()5.9|) . The first equation (15. 9p is 
solved by means of lemma I6T21 which gives uj^ = (6^ — ©34 )pim-2(Q + s g h (• • • ) 
(for N + = 2) or u& = ©gp^-itO + " ' + (©2 ~ ©£) PiWO + *8?C • • ) (for 
iV + 7^ 2). The second equation ( 15 .9p then implies in either case that uj^ is s^- 
exact and can thus be removed from uj 1 by subtracting a coboundary in if g h(s g h). 
Repeating the arguments one concludes that all other parts oj^ can be removed in 
the same way which gives uj 1 ~ 0. p = gives w° = po(£)- ' 

Comment: 

1. The difference between the results for (N + ,N_) = (2,2) and for (N + ,N_) 6 
{(4,0), (0,4)} parallels the situation in D = 2 [3J and D = 10. 

2. We note that in lemma 16.11 one has 0-^ = 0^ an d $j — $7 m the case 
(N + ,N_) = (2,0), and 0§ } = 0~- (3) and ^ = tft in the case (N + ,N_) = (0,2). 
Analogously in lemma 16.21 one has = ©J (1) in the case (N + ,N_) = (4,0), and 
eg } = 0~. (1) in the case (N+,N_) = (0,4). 



6.2 Signatures (0,6), (2,4), (4,2), (6,0) 

In the cases of signatures (0, 6), (2, 4), (4, 2), (6, 0) the supersymmetry ghosts & are 
Majorana spinors consisting of two Weyl spinors with opposite chiralities, respec- 
tively. A" e {2, 4, . . . } denotes the number of these Majorana supersymmetry ghosts. 
Hence, there are both A" Weyl supersymmetry ghosts with positive chirality and A" 
Weyl supersymmetry ghosts with negative chirality. 

The case N = 2 corresponds thus to the case (N + ,N^) = (2,2) in lemma l6\2l 
Using &f = C + - £~ and identifying £f , £f, £f with £i,£ 2 , £3, £4 in lemma Q 
respectively, lemma l6~2l gives directly: 

Lemma 6.4 (Primitive elements for N = 2). 

In the case N = 2 the general solution of the cocycle condition in if g h(s g h) is: 

s gh u = & w~0$Pi(O+Po(£) (6.20) 
with arbitrary polynomials po(£), Pi(£) in the components of £1,^2- 

The cases N > 2 correspond to cases A" + = N_ > 2 in lemma 16.31 which implies: 
Lemma 6.5 (Primitive elements for N > 2). 

In the cases N > 2 the general solution of the cocycle condition in iJ g h(s g h) is: 

s gh uj = uj ~ p (0 (6-21) 
with an arbitrary polynomial Po(£) components o/£i, . . . , £jv- 
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7 Primitive elements in D = 7 



The results in D = 7 are derived by means of the results in D = 6 presented in 
section 16.21 To this end we use ( 12.1 ip and ( I2.13P which give 

N/2 N/2 

a < 7 : s gh c a = ^ i£ 2 fc-i r a C _1 £j k = ^Ji^ 2 *-i(6) C^C -1 )^ £^ (6) = (s gh c a )( 6) , 
fe=i fe=i 

(7.1) 

N/2 N/2 

V 7 = ^ifo-iI^C-^S = (^-^i^fc-Ke) (fC?- 1 )^^ (7.2) 
fc=i fc=i 

where (s g hC a )(6) and £j( 6 ) denote s g hC a and ^ in Z) = 6, each £j( 6 ) being an 8- 
component spinor consisting of two Weyl spinors, with £j = £j( 6 ). (17. ip shows that 
we can use lemmas 1(741 and 1631 to obtain if gh (s g h) in D = 7. 

Lemma 7.1 (Primitive elements for N = 2). 

In the case N = 2 i/ie general solution of the cocycle condition in if g h(s g h) is: 

Sgh u = o o W ~ egp^e) + eg a p?(e) +po(0 (7.3) 

TOi/i arbitrary polynomials po(£) > Pi(0; P2(0 ^ e components o/£i,£ 2 - 

Proof sketch for lemma I7.lt Lemma 16.41 implies that -ff g h(s g h) vanishes for 
p > 2. Using ( I2.23P we conclude that -ff gh ( s gh) vanishes for p > 2, 

p > 2 : s gh w p = w p ~ 0. (7.4) 
For p = 2 and p = 1 the following implications of (12.111) and (I2.13P are used: 

egWe« 6) + ... , (7.5) 

a<7:eg„ = ^«c'^a + ... = c'6( 6 ,(fr„C-') (6) ^ ) + ... , (7.6) 

e(?, 7 = ^fLeg (6) (7.7) 

where ellipses indicate terms without c 7 . 

Using lemma 16.41 and exploiting ( 12. 6 j) in the case p = 1 [H] one obtains that one 
may assume: 

p = 2 : el; 1 = 0^ p 2 (£ (6) ), c£;g om = 0; (7.8) 
p = 1 : w° = £i (6) (f TaC' 1 )^ e 2 T (6) m<fi))> *Ln = ©i 2 ( 6) Pl(e ( 6)). (79) 
Using (|E5|)-flZZJ and s gh ©r? = which may be verified explicitly one obtains: 

SghW 2 = o & uj 2 ~ eS 2 2 } p 2 (e), (7.10) 
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^ = W~eg; a pj(0. (7.ii) 

The lemma is obtained from (17.41) . (I7.10p . (17.111) and u° = po(C)- ' 

The cases N > 2 can be analyzed analogously to N > 2 in D = 5, see proof sketch 
for lemma I5.2[ which gives: 

Lemma 7.2 (Primitive elements for N > 2). 

In the cases N > 2 the general solution of the cocycle condition in -ff g h(s g h) is: 

Sgh u = & w~po(0 (7-12) 
mtt an arbitrary polynomial po(£) ^ e components o/£i, . . . , 

8 Primitive elements in D = 8 

In order to derive if g h(s g h) in D = 8 by means of if g h(s g h) in D = 7, we use in D = 
8 a spinor representation fulfilling (12.121) and (I2.15P and relate the 16-component 
supersymmetry ghosts & in D = 8 to 8-component supersymmetry ghosts ^(7) in 
D = 7 as follows: 

6 = i (621-1(7), 6i(7))- (8.1) 
Using (13.231) and (13.241) for p = 1 these identifications give: 

AT 

a < 8 : s gh c a = \ 6 [a* ® (r^C" 1 )^ ^ T 

i=l 

iV 

= ^Ji6fc-1(7) ( raC ' _1 )(7)62 r fc(7) = ( s ghC a )(7) , (8.2) 
fc=l 

iV 

S gh C 8 = (A; 8 ) _1 6k-l(7) C (J) ^2fe(7) ( 8 - 3 ) 

fc=l 

where (s g hC a )(7) denotes s g hC a in D = 7. Hence, using a spinor representation fulfill- 
ing (I2.12p and ( I2.15|) and the identifications (18. ip . the action of s g h in f2 in D = 8 
for iV supersymmetry ghosts & is identical to the action of s g h in f2 g h in D = 7 for 
2iV supersymmetry ghosts £j( 7 ). This is used to derive .ffgh(sgh) in D = 8 by means 
of H gh (s gh ) in D = 7. 

Lemma 8.1 (Primitive elements for N — 1). 

In i/ie case N = 1 the general solution of the cocycle condition in if g h(s g h) is: 

Sgh u = 4» w ~ ef^C) + e[5 aP g(0 + eg a6P f (0 + po(0 (8.4) 

u>iia arbitrary polynomials Po(C); Pi b {£)> PsKO; P3(0 ^ n ^ e components of £1. 
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Proof sketch for lemma I8.lt Lemma 17.11 implies that H^Sgh) vanishes for 
p > 3. Using (I2.23P we conclude that -ffg h (s g h) vanishes for p > 3, 

p > 3 : s gh tu p = & tu p ~ 0. (8.5) 
For 3 > p > 1 the following implications of (12.121) and (12.151) are used: 

eff oc c 8 eg> (7) + . . . , (8.6) 

a<8:ef) a = ^Locc 8 eg a{7) + -- - , (8-7) 



<90 (3) 
,8_ (9c 8 12 ( 7 )' 

a2A(3) 

a, 6 < 8 : eg a6 = K c ^ 1(7) (T^C"^ ^ {7) + . . . , (8.9) 

n2A(3) 

«< 8: ©S8 a = ^oceg a(7) (8.10) 
where ellipses indicate terms without c 8 . 

Using lemma 17.11 and exploiting (12. 6 j) in the case p = 1 [12] one obtains that one 
may assume: 

p = 3 : G? = Q?l i7) P3(M, C = 0; (8.11) 

(7)^2^(7)), Wh om = @12(7) ■ 



,(3) _ OO n (2 ) 



p = 2 : q 1 = eg a(7) p»(e ( 7)), ^ om = ©S(7)#(fo); ( 8 - 12 ) 

P = 1 : U° = 6(7) (TabC-^^p? (£ (7) ), SLn = eg a(7) P § ^(7)) • (8.13) 

Using f[876]) -f l8TT0]) and s&Q$ = which may be verified explicitly one obtains: 

Sgh u 2 = & w 2 ~eg a p^(0, (8.15) 

^ = 4» ^-©fx^pftO- (8.16) 

The lemma is obtained from (18. 5p . (I8.14p - (l8.16p and w° = po(0- ' 

Lemma 8.2 (Primitive elements for N > 1). 

In the cases N > 1 £/ie general solution of the cocycle condition in H gh (s g h) is: 

s gh oo = 4=> lo ~ p (£) (8-17) 
TOt/j an arbitrary polynomial Po(C) * n ^ e components of £ 1; . . . , £jv- 

Proof sketch for lemma [8.2t Lemma I7T21 implies that H gh (s g h) vanishes for all 
p > 1 in the cases N > 1. Using (I2.23P one infers that H^(sgh) vanishes for all 
p > 1. The case p = 1 is analyzed using decompositions of s g h and co l similar to 
(15. 7p and (EE}, but now with a piece = | £i r a C _1 d/dc a of s g h and parts 
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of a; 1 with degree m in £1. Using lemma EH] one infers from the first equation (]5.9p 

'gh 



that cjij = By abP ab (0 + s l;h (• • • ) ^ OT polynomials p ab (£,) in £1, . . . , £ N . The second 



equation (15.91) then implies that the p ab (C) are such that is -exact and can 
thus be removed from u 1 by subtracting a coboundary in if gh (s g h). Repeating the 
arguments one concludes that all other parts bj x m can be removed in the same way 
which gives u 1 ~ 0. p = gives u° = Po(0- ' 

Comments: 

1. It may be noted that in D = 8 there are neither primitive elements d t or 
nor primitive elements ©.-f , 0„^ 2 ^ or Qf} D ^ 2 \ in contrast to -D = 4,6,10. This 
result in D = 8 may be traced back to the more general feature that in D = 8 there 
are no cocycles at all in H p h (s g h) for p > which depend only on components of 
chiral spinors of positive chirality or only on components of chiral spinors with 
negative chirality, again in contrast to D = 4, 6, 10. This feature can be proved as 
follows for N = 1 (and analogously for iV > 1) in a spinor representation fulfilling 
(I2.12p and ( I2.15p . using (18. ip . The cocycle condition s g hU p = can for N = 1 be 
written as 



^ (7) ^^r = o (8.1* 



where according to (18.21) and (18. 3p Ra_ a are the entries of an 8 x 8-matrix R with 
Ra a = i(r a C- 1 )^ (7) ^ (7) for a < 8 and R^ 8 = C^ {1) ^ {7) . If ufi does not 

depend on ^1(7) the left hand side of (I8.18P is linear in £1(7) and thus (I8.18P implies 
Ra_ a du p /dc a = which, as R is invertible, implies du p /dc a = for all c a , i.e. u p does 
not depend on translation ghosts at all, which gives p = 0. This proves the absence 
of cocycles with p > which only depend on £f = (0, i£ 2 (7))- Analogously one 
concludes the absence of cocycles with p > which only depend on = (i Ci(7) ? 0)- 
As s g h is for N = 1 homogeneous in both and £f one further infers that for iV = 1 
all cocycles with p > depend at least linearly on both and In particular 
this implies for = 1 the absence of primitive elements , d 1 or ^ as these would be 
linear in £1, as well as the absence of primitive elements On\ ©u or Of/ 4 ' 1 as these 
would only involve ghost monomials which do not depend on either ^ or see 
(JHJP for D = 8, p = 4. 

2. Lemma [8.11 differs from the results presented in ref. [6J for D = 8 because there, 
using the notation of the present paper, cocycles with 0®, Qn a > ®ii 06 m pl ace 
of 0ii , ©no, ©11 06 are presented. This difference is essential because ©n , ©u oJ 
©11 ab vanish in D = 8 for our choice of C as the matrices r a b c C _1 are antisymmetric 
(see (I3.18P for D = 8, p = 3). An alternative choice of C for which the matrices 
r a C _1 are antisymmetric would not resolve this discrepancy because that choice 
would forbid N= 1 0. 

3. Lemma EH] does not apply to signatures (2,6), (6,2) because in these cases one 
has JV e {2,4,...}, see (TQj) . 
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9 Primitive elements in D = 9 



In order to derive the results in D = 9 by means of the results in D = 8 we use 
(T2~TTj) and (T2~T3D which give 

a < 9 : Sgh c a = i fi* 6(8) (1^-%) ^ = (s gh c a ) {8) , (9.1) 
Sgh c 9 = \ (h)- 1 S* 6(8) (f C- 1 )^ (9.2) 

where (s g hC a )(8) and 6(8) denote s g hC a and ^ in D — 8, with 6 = 6(8)- 
Lemma 9.1 (Primitive elements for N — 1). 

In t/je case iV = 1 t/ie general solution of the cocycle condition in i? g h(s g h) is: 

Sgh co = o * co ~ egVtO + eg aP §(0 + eg^pf (0 + eg^^e) +po(0 

(9.3) 

wift arbitrary polynomials p 4 (£); pKO; £*2 & (0; Pi bc (0> Po(£) ^ e components of 

Proof sketch for lemma I9.lt Lemma 18.11 implies that -ff g h(<s g h) vanishes for 
p > 4. Using (I2.23P we conclude that -f^ gh (s g h) vanishes for p > 4, 

p>4: s gh w p = ^ w p ~0. (9.4) 

For 4 > p > 1 the following implications of (12.111) and (12.131) are used: 

egW6g> +... , (9.5) 



"(8) 

rjfc Q (4) 

a 1( . . . , a k < 9 : eg^ = ^ ^ oc c 9 eg ai ... afc(8) + • • • , 0-6) 

( 4 ) - g^gu A(3) fg ? x 

w ll,9ai...a fe Q cak ^ Q c aiQ c <Z ^ W ll, ai ...a fc (8) 'J 

where ellipses indicate terms without c 9 . 

Using lemma 18.11 and exploiting (12.61) in the case p = 1 [16] one obtains that one 
may assume: 

p = 4 : u 3 = 9g } (8) p 4 (£ (8) ), ^hom = 0; (9.8) 

p = 3 : c2> 2 = egj^ pg(£ (8) ), ^ om = 0g(8) ^fe); (9-9) 

p = 2 : u, 1 = eff ^ pf (fo), c^ om = eg } ia(8) p 9a (e (8) ); (9.10) 

p = 1 : c2>° = 6(8) (f r^C" 1 )^) 6 T (8) pf c (e (8) ), ^ om = ©gl^s) Pi° 6 (£(8))- (9-H) 

Using dn3D-(J9I7D and s gh 6)g ) = which may be verified explicitly one obtains: 

Sgh c/ = w 4 ~eg ) p 4 (0, (9.12) 
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(9.13) 
(9.14) 
(9.15) 



The lemma is obtained from f l9TT2|) -f l9~T5|) and cu° = 



Po(0 



The cases iV > 1 can be analyzed analgously to N > 1 in D = 8, see proof sketch 
for lemma [HT2| which gives: 

Lemma 9.2 (Primitive elements for iV > 1). 

In the cases N > 1 i/ie general solution of the cocycle condition in i?gh(sgh) is: 



with an arbitrary polynomial Po(C) ^ n ^ e components of £i, . . . , £jy 
Comment: 

Lemma 19.11 does not apply to signatures (t, 9 — t) with t G {2, 3, 6, 7} because in 
these cases one has N G {2, 4, . . . }, see fll.4p . 

10 Primitive elements in D = 10 



In the cases of signatures (1, 9), (3, 7), (5, 5), (7, 3), (9, 1) the supersymmetry ghosts 
£i are Majorana Weyl spinors (for signatures (1,9), (5,5), (9, 1)) or symplectic Ma- 
jorana Weyl spinors (for signatures (3, 7), (7, 3)). N + denotes the number of super- 
symmetry ghosts with positive chirality, iV_ denotes the number of supersymmetry 
ghosts with negative chirality. N is the sum N = N + + i\L G {1, 2, . . . }. The case 
N = 1 thus includes (N+,N_) = (1,0) and (iV + ,iV_) = (0,1), the case N = 2 in- 
cludes (N+, iV_) = (2, 0), (JV+, iV_) = (1, 1) and (JV+, N_) = (0, 2) etc. As in D = 6 
we use £j = ^ for i < N + and £j = £~ for i > N + , i.e. the supersymmetry ghosts 
£i> • • • > £n + have positive chirality and the supersymmetry ghosts £/v++i, • • • > 6v + +tv_ 
have negative chirality. 

In a spinor representation fulfilling (12.121) and (12.16P a Weyl spinor ip + = ip + T with 
positive chirality takes the form ip + = (x, 0) and a Weyl spinor ip~ = —ip^T with 
negative chirality takes the form ip~ = (0, x) where x an d have 16 components, 
respectively, like spinors in D = 9. In order to derive .ffgh(sgh) in D = 10 by 
means of -ff g h(s g h) in D = 9, we relate the supersymmetry ghosts & in D = 10 to 
supersymmetry ghosts £j(g) in D = 9 as follows: 



s gh o; = <^ to ~ p (0 



(9.16) 



10.1 Signatures (1,9), (3,7), (5,5), (7,3), (9,1) 



i < K 



r +:Ci = {d(9),0), ^>N + ■. £ = (0,i& (9) ). 



(10.1) 



(I3T2T|) and dS22) for p = 1 and (TCP) give: 



a < 10 : Sgh c a = | ^ 6(9) (r^- 1 )^) ^ 9) = (s gh c a ) { 9) , 



(10.2) 
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N+ N + +N_ 

SghC W = \ (Ado)" 1 ( ^( 9 ) C m &(9) ~~ ^( 9 ) ^(9) ^9)) ' ( 10 - 3 ) 

i=l i=iV + +l 

where (s g hC a )(g) denotes s g hC a in .D = 9. Hence, using a spinor representation fulfill- 
ing (I2.12p and fl 2 . 1 6 [) and the identifications ( 110. ip . the action of s g h in fl in D = 10 
is identical to the action of s g h in f2 g h in D = 9. This is used to derive -£/gh(s g h) in 
D = 10 by means of the results for i? g h(s g h) in D = 9. 

Lemma 10.1 (Primitive elements for N + + N_ = 1). 

In the cases (N + ,N_) = (1,0) and (N + ,N_) = (0,1) the general solution of the 
cocycle condition in if g h(s g h) is: 

+ ©Sa6cP2 6C (0 + *f Jfe(0 + P0(0 (10.4) 

wi/i arbitrary polynomials po(£), Pa{Q, V% (0> P3 & (0> ^4(6); ^ n ^ e compo- 

nents o/£i. 

Proof sketch for lemma I10.lt Lemma 19.11 implies that -ff g h( s gh) vanishes for 
p > 5. Using ( I2.23P we conclude that -ff gh (s g h) vanishes for p > 5, 

p > 5 : s gh w p = <£> w p ~ 0. (10.5) 
For 5 > p > 1 the following implications of (I2.12p and ( I2.16P are used: 

ef 1 ) occ 10 e[ 4 1 ) (9) + ... , (io.6) 

. . . , a t < 10 : 9g M _ = « c'» e« 4 »„... 0>(9) +..., (10.7) 

at+ln(5) 

«( 5 ) _ ° U H „ q(4) nn o\ 

"iHOol-o* - g c a fc _ .^ c aiQ c 10 0(1 U ll, 0l ...a fe (9) l iU - 8 J 



where ellipses indicate terms without c 10 . 

Using lemma 19.11 and exploiting ( 12 .6p in the case p = 1 [T7j one obtains that one 
may assume: 

(10.9) 
(10.10) 
(10.11) 
(10.12) 
(10.13) 

Using (|10.6p - (jl0.8p as well as s g h©n = and s^f = which may be verified 
explicitly, one obtains [17] : 

s gh u 5 = & u B ~e$p B {0, (10.14) 



p = 


5 : 


:£ 4 


= 0n(9)P5(^(9)), wf om = 0; 


p = 


4 : 


:cl; 3 


= ©iM( 9 )$(£(9)), ^ 4 om = e^ 9) $°(£ (9) ); 


p = 


3 : 


:u 2 


= ©1^6(9)^(9)), 4 m = 0St(9)P4 Oa (e ( 9)); 


p = 


2 : 




- U ll,abc(9)P2 14(9)J, Whom - U ll,a6(9)P2 l?C 


p = 


1 : 




= ff(9)P«(f(9))> ^hom = e i 4 l,a6c(9)^2 0a6C (^(9))- 
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W = o o w 4 ~eg o p2(0> (io.i5) 
SghW 3 = o o w 3 ~eg> ia6 pf(£), (10.16) 
SghW 2 = o ^ ^-eg^fm (mi?) 

S^U; 1 = ^ W 1 ~ #fp a (0- (10.18) 

The lemma is obtained from ffT03]) . ffTOJ^ ffTCTT^ and w° = p (0- ■ 

The results for the cases A^ + + AL > 2 can be derived by means of lemmas 19.11 19.21 
and 110.11 analogously to the derivation of lemmas 16.21 and 16.31 by means of lemmas 
15.11 15.21 and 16.11 One obtains: 

Lemma 10.2 (Primitive elements for iV + + N- = 2). 

(i) In the case (N + ,N_) = (1,1) the general solution of the cocycle condition in 
H gh (s gh ) is: 

s gh co = o & u ~ (eff - eg)pi(0 +po(0 (io.i9) 

witt arbitrary polynomials po(£), Pi(£) in the components of £±,£2- 

(ii) In the cases (N + ,N_) = (2,0) and (N + ,N_) = (0,2) the general solution of the 
cocycle condition in .ffgh(sgh) is: 

Sgh u = & u ~ egpf(o + (e« - eg) Pl (o +po(0 (10.20) 

u^t/i arbitrary polynomials po(£), Pi{£), p\ 2 {0 in the components o/£i,£2- 
Lemma 10.3 (Primitive elements for iV + + N- > 2). 

In the cases N + + AL > 2 i/ie general solution of the cocycle condition in -ff g h(s g h) 
is: 

s gh u = Q & w~p (0 (10.21) 
witt an arbitrary polynomial Po(0 in the components o/£i, . . . , £jv- 
Comments: 

1. The difference between the results for (AL,AL) = (1,1) and for (AL,AL) G 
{(2, 0), (0, 2)} parallels the situation in D = 2 [3] and .D = 6. 

2. We note that in lemma 110.11 one has 0g = 0}/ 5 ' and = $1 in the case 
(AL,AL) = (1,0), and 0^ = e^ (5) and ^ = tf+ in the case (AL,AL) = (0,1). 
Analogously in lemma [10.21 one has = 9+ (1) in the case (AL,AL) = (2,0), and 
Og } = 9~. (1) in the case (AL, AL) = (0,2). 

3. Lemma flO .11 only applies to signatures (1, 9), (5, 5), (9, 1) because in the cases of 
signatures (3, 7), (7, 3) one has A" e {2, 4, . . . }, see (11.41) . 
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10.2 Signatures (0,10), (2,8), (4,6), (6,4), (8,2), (10,0) 

In the cases of signatures (0,10), (2,8), (4,6), (6,4), (8,2), (10,0) the supersym- 
metry ghosts & are Majorana spinors consisting of two Weyl spinors with opposite 
chiralities, respectively. iV e {1,2,...} denotes the number of these Majorana su- 
persymmetry ghosts. Hence, there are both N Weyl supersymmetry ghosts with 
positive chirality and N Weyl supersymmetry ghosts with negative chirality. 

The case N = 1 corresponds thus to the case (N + ,N_) = (1,1) in lemma 110.21 
Using £i T = £7 — £j~ and identifying with £1,6 i n lemma [T0.2| respectively, 

lemma II 0.2 1 gives directly: 

Lemma 10.4 (Primitive elements for N = 1). 

In the case N = 1 the general solution of the cocycle condition in if gh (s gh ) is: 

s gh u = & u ~ Q^pi(0 +po(0 (10.22) 

uiii/i arbitrary polynomials po(£) , Pi(0 in the components o/£i. 

The cases iV > 1 correspond to cases iV + = iV_ > 1 in lemma 110.31 which implies: 
Lemma 10.5 (Primitive elements for N > 1). 

In the cases N > 1 the general solution of the cocycle condition in if g h(s g h) is: 

SghU = <=> u ~ p (0 (10.23) 
with an arbitrary polynomial po(£) ^ e components o/£i, . . . , £jv- 

11 Primitive elements in D = 11 

The results in D = 11 are derived by means of the results in D = 10 presented in 
section 110.21 To this end we use (12. lip and (12.131) which give 

a < 11 : s gh c a = i 5 ij & (10) (TC-V) $ 10) = ( Sgh c a ) (10) , (11.1) 
V 11 = I (/cn)- 1 ^^) (fC- 1 )^)^ (11.2) 

where (s g hC a )(i ) and 6(10) denote s g hC a and in D = 10, each 6(10) being a 32- 
component spinor consisting of two Weyl spinors, with = 6(10). (111.11) shows that 
we can use lemmas [10.41 and 110.51 to obtain H g h{s g h) in D = 11. 

Lemma 11.1 (Primitive elements for N — 1). 

In £/ie case N = 1 £/ie general solution of the cocycle condition in if g h(s g h) zs: 

SghW = o w ~ eg ) P2 (0 + ef^KCO +po(0 (n.3) 

wzt/i arbitrary polynomials Pq(£), Pi(£)> ^2(6) ^ n ^ e components o/£i. 
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Proof sketch for lemma lll.lt Lemma [10.41 implies that Hg h (s g h) vanishes for 
p > 2. Using (I2.23P we conclude that H gh (s g h) vanishes for p > 2, 

p>2: s gh u p = w p ~0. (11.4) 
For p = 2 and p — 1 the following implications of (12.111) and (I2.13P are used: 

e^W 1 + . . . , (n.5) 

a < 11 • «ll,a - -Q^T « C g ca + • • • ~ C 4l(10)(HaC )(l ) Cl(10) + • • • , 

(11.6) 

(2) _ dQ^_ 

"n.ii— c*- u ii(io) l-H-'J 
where ellipses indicate terms without c 11 . 

Using lemma I1U.4I and exploiting (12. 6p in the case p = 1 analogously as in D = 9 
[16] one obtains that one may assume: 

p = 2 : u 1 = qW 1q) p 2 (£(io)), < m = 0; (11.8) 

p = i : u° = 6(io) (rr o c-% 0) £iW?(^°))> aL, = e^p} 1 ^)). (n.9) 

Using (TTT31) - fflT7jl and s gh 0i/ = which may be verified explicitly one obtains: 

SghU 2 = & o? ~ e^pa^), (n.io) 

SghW i = o W~eg; a tf(0. (ii.ii) 

The lemma is obtained from (ITOjl . ffTLTOjl . IjlTIIj) and w° = p (0- ■ 

The cases N > 1 can be analyzed analogously to N > 1 in D = 8, see proof sketch 
for lemma I8.2| which gives: 

Lemma 11.2 (Primitive elements for N > 1). 

In the cases N > 1 the general solution of the cocycle condition in if g h(s g h) is: 

s gh u = w~po(0 (11.12) 
tt>^/j an arbitrary polynomial Po(£) in the components of £i, . . . , 

Comment: 

Lemma fl 1.1 1 does not apply to signatures (£, 11 —t) with £ G {0, 3, 4, 7, 8, 11} because 
in these cases one has N e {2, 4, . . . }, see (II. 4p . 
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= I ( Sgh $ (i ) r.r.c- 1 g cV - i (6 r.c- 1 £ 2 T ) r^- 1 @ cV = o 

where we used that s g ^ i vanishes for (N + , N_) = (2, 0) and (N + , N_) = (0, 2) 
|12j . and that ^r c C _1 ^I also vanishes because r c C _1 is antisymmetric in 
D = 6, see (ETTgjl . 

[12] (EE]) and HSU) imply ^ = (0, -i h c 6 6(5) + # i(5) ) for = (2,0), and 

0< = (-fc 6 c 6 &( 5 ) + i^ (5) ,0) for (iV+, AL) = (0,2). s gh ^ t = follows from the 
"completeness relation" of the T-matrices in D = 5 which reads 

D = 5-. s&%+ r a /r a / - r ab /r o6 / = 4$|af 

and implies 

(Sghf?f)(5) = i6(5)(r a C -1 )( 5 )£j 5) (6(5)r a (5))- = 16(5)^5)^(5)^5) 

where we used that (r a C _1 )( 5 ) and are antisymmetric, whereas (r^C -1 )^) 
is symmetric, see f)3.18p . 

[13] For instance: 

Q2q(3) 5 

e g > K B )«a^6=E^r B r B r 1 cr^7 

a=2 

= | - c 1 ^ r x - c 6 & r 6 ) rer^- 1 £/ + (« ^ j) 
= | ^ rer^- 1 ^7 + (^ j) = (1 r^c- 1 $ 
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